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Abstract. I develop the idea that minority representation in certain fields (e.g., women in STEM)
results from a sort of a chicken-and-egg “equilibrium” — a “minority trap.” Formally, I model the
evolution of a profession as a birth-and-death Markov process. I assume there is symmetry in abilities
and preferences and that selection is purely meritocratic. However, minorities must pay a (material
or psychological) cost c(s), a positive and decreasing function of the minority share s. I calibrate
the model with data from STEM doctoral programs and show that the stationary distribution is
symmetric but multi-modal. This implies that, absent intervention, the system remains for a long
time in a set of asymmetric states. The model provides a basis for a (temporary) affirmative action
policy that “nudges” the system toward the central mode of the stationary distribution. This implies
short term costs but longer term higher productivity levels.
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1. Introduction
Women are underrepresented in a variety of professions and academic fields. There is no shortage of explanations for such an asymmetric outcome, including explicit or implicit discrimination,
differences in preferences, and differences in ability. In this paper, I focus on one specific possibility, namely the possibility that minorities are not attracted to certain fields because they are in a
minority to begin with. In other words, the possibility that minority representation is a sort of a
chicken-and-egg equilibrium — a minority trap.1
Formally, I model the evolution of a profession as a birth-and-death (BD) Markov process. In
each period, one worker retires and two candidates, one of each type (x and y), apply for the position.
A key assumption is that the net utility (and productivity) of a minority worker is lower than gross
utility by a cost c(s) which is a positive and decreasing function of the minority share s. Other
than this loss function, I assume symmetry in abilities and preferences. In other words, I focus
on one single source of asymmetry in outcomes. The cost function c(s) may be interpreted as a
psychological or a material cost that minority members must incur (e.g., lack of mentorship or lack
role models), or as the reduced-form of a mechanism that keeps minorities away from the profession
(e.g., differential treatment across genders).
I show that the Markov process governing the share of each type is ergodic, that is, it converges
to a unique stationary distribution regardless of the starting state. Moreover, consistent with symmetry of the model’s primitives, the stationary distribution is symmetric. However, I also show
that, if the minority cost is sufficiently high, then the stationary distribution is multi-modal: in
addition to the mode at 50%, there exist modes where one type of agent is in a minority. Ergodicity
notwithstanding, a multi-modal stationary distribution implies that it makes a difference where the
system starts. Specifically, it takes a “long” time before the current minority’s share reaches 50%. A
simple calibration based on estimates of peer effects in STEM doctoral programs suggests that this
is more than a simple theoretical possibility.
My model of ergodic dynamics with “quasi path dependence” suggests a role for affirmative
action as a (temporary) means to nudge the system towards the central mode of the stationary
distribution. I consider two alternative policies. I show that the policy of biasing selection in
favor of minority candidates may backfire: it leads to a cost in terms of productivity (selection of
lower ability candidates) and has no significant effect on moving the system towards symmetry. By
contrast, a policy of subsidizing minority candidates in a way that compensates for the minority cost
c(s), while maintaining a meritocratic selection mechanism, does move the system to symmetry at a
faster rate. It implies a loss in the short term (the cost of subsidies) but leads to higher productivity
in the long term, due to selection from a larger pool of able and willing job candidates (Hsieh et al.,
2019).
Related literature. I am by no means the first to propose a theoretical approach to the issue of
asymmetric representation in specific fields. In several ways, my paper is closest to Müller-Itten and
Öry (2022). They consider the dynamics of workforce composition in an overlapping-generations
model with mentoring effects. Under certain conditions, the stationary equilibrium is asymmetric.
By contrast, the equilibrium of the system I consider is symmetric, though the state of the system may
be (temporarily) asymmetric. Therefore, I am more interested in time paths than in the stationary
equilibrium per se. As well, the type of affirmative action policy I consider is of a different nature
(in particular, it is temporary rather than permanent).2
There are other lines of research that I will make reference to throughout the paper. In addition
to other theory papers, there is a growing empirical literature measuring gender composition effects,
most of which I will refer to in the next section. From a modeling point of view, the paper is
related to a literature on Markov processes with inertia and hystereses (and multi-modal stationary
distributions). I will refer to this literature in Section 4.
1 . I borrow the term “minority trap” from Shan (2022).
2 . Other, somewhat less related, theory papers include Athey, Avery, and Zemsky (2000), Chung (2000),

Fershtman and Pavan (2021).
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Table 1
State transition starting from state n
Retiree

Entrant
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State

Probability

y

x

n+1

(1 − s ) ρ(s )

x

y

n−1

s (1 − ρ(s ))

x

x

n

s ρ(s )

y

y

n

(1 − s ) (1 − ρ(s ))

Roadmap. The paper is organized as follows. In Section 2, I introduce the basic model, including
the motivation for the cost function c(s), a central feature in the paper. In Section 3, I calibrate
the model based on specific function forms and on data from STEM doctoral programs composition.
Section 4 introduces the formal concept of a minority trap: an asymmetric locally “stable” region
of the state space. Section 5, I discuss two possible polices to avoid a minority trap. Section 6
concludes the paper.

2. Model
Consider a profession, that is, a set of employed workers with specific skills and job description,
with ω jobs and an indefinite number of periods t = 1, 2, .... Jobs are occupied by workers from two
different populations, x and y. The profession evolves according to a birth and death (BD) Markov
process:3 Each period, one employed worker retires and is replaced by a new worker. We model
workers as perpetual youth individuals, so that all workers are equally likely to retire. Whenever a
position opens, Nature generates one worker of each type as candidates to fill the position. Worker
ability ai , i ∈ {x, y}, is independently drawn from the c.d.f. F (a), with F (0) = 0 and f (a) > 0 for
a > 0. Each candidate has an outside option worth zero.
We assume that the candidate with the highest ability is selected to occupy the open position. In
other words, while discrimination in candidate selection may well be a motive for underrepresentation
(especially in the past), in the present paper we focus on different factors, and thus assume (in the
base model) that candidate selection is purely meritocratic.
The state of the system is given by the number ni (or, equivalently, the share si = ni /ω) of
each type of workers in the profession, where i ∈ {x, y}. With no loss of generality, I assume n
measures the number of x types in the profession and s measures the share of x types, so s = n/ω.
For simplicity, I will use both s and n as the indicator of the state. Following Szpankowski (1989), I
assume ω is sufficiently high that s is approximately continuous. With no loss of generality, I assume
s < 21 (i.e., type x is a minority).
I next describe the state transition probabilities. There are basically four possibilities, all listed
in Table 1: the retiree can be an x or a y type and, similarly, the selected candidate can be of x or
y type. If the retiree is y and the entrant is x, then the state moves from n to n + 1. Conversely,
if the retiree is x and the entrant is y, then the state moves from n to n − 1. Otherwise, the state
remains at n.
Minority cost. The crucial feature of the model is the assumption that workers who are in a
minority in a field must pay a cost c(s). Formally, with an appropriate use of units, I assume that a
worker’s utility is given by their ability, ai , minus the cost due to being in a minority, c(si ), where si
is the share of type i workers in the profession, i ∈ {x, y}. I assume that c(s) ≥ 0 and that c(s) = 0
for s ≥ 21 .
3 . There is an extensive literature on birth-and-death processes, with many applications including in particular

queuing theory. See, for example, Section 7.8 in Trivedi (2016). For a related economics application, see ?.
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The cost c(s) can be material or psychological; and it can operate through a variety of mechanisms. One first mechanism is role modeling. For example, Kofoed and McGovney (2017) find
that when a West Point female cadet is assigned a female mentor, the cadet is more likely to pick
her officer’s branch than if she would have interacted with a male mentor. In another example, by
means of a longitudinal field experiment, Dennehy and Dasgupta (2017) show that peer mentoring
increases female college students’ retention rate in engineering fields.
A second channel is given by peer effects. Exploiting the exogenous assignment of cadets to
companies at West Point, Huntington-Klein and Rose (2018) find that women cadets are more likely
to advance when they have more women peers. In a field experiment, Shan (2022) shows that women
assigned to female-minority groups are more likely to drop out of an economics course than women
in other groups.
A third, related, channel, is given by (implicit or explicit) discrimination of female workers by
male workers (or the reverse). Blair-Loy et al. (2017) examine over one hundred job talks across five
engineering departments at two research universities. They find that, compared to men, a higher
proportion of women’s talk time is taken up by the audience asking questions. Dupas et al. (2021)
also find that women presenters are asked more questions during a seminar. Moreover, they report
that the questions asked of women presenters are more likely to be patronizing or hostile.
I do not have the ability, nor is that the goal of the paper, to understand which channel is more
relevant. They all have one feature in common, namely that the job candidate’s utility — and thus
their propensity to accept a job offer — is lower when they are in a minority. And this I capture by
assuming the cost function c(s).
State transition probabilities. Suppose that s < 12 . Given our assumption that F (0) = 0, if
ay > ax , then the open position is occupied by a type x worker. In fact, the worker has higher ability
than the other candidate and, moreover, receives a utility ay that is greater than the outside option.
Suppose however that ax > ay . Then the x candidate is selected to occupy the open position.
However, the utility received by this x candidate is given by ax − c(s). Since the outside option is
equal to zero, the x candidate only accepts the offer if ax − c(s) > 0. It follows that the probability
ρ(s) that the open position is occupied by a type x worker is given by

ρ(s) ≡ P ax > ay ∧ ax > c(s)
(1)
The first condition, ax > ay , states that x is better qualified than y, whereas the second condition,
ax > c(s), states that x’s net utility is greater than their outside option. If these conditions are not
satisfied, then the position is occupied by a y candidate. In other words, candidate y occupies the
open position with probability 1 − ρ(s). Note that the assumption that c(s) = 0 for s > 21 implies
that candidate y’s outside option is dominated by the job offer.
Let M be the Markov transition matrix in the state space Ω = {0, 1, ..., ω} denoting the number
of x types in the workforce. We then have
M (n, n + 1) = (1 − s) ρ(s)

M (n, n − 1) = s 1 − ρ(s)
M (n, n) = 1 − M (n, n − 1) − M (n, n + 1)
where the first equation corresponds to the first row of Table 1, the second equation to the second
row, and the third equation to the remaining two rows. Finally, for | i − j |> 2, M (i, j) = 0.
Stationary distribution. Birth-and-death (BD) Markov processes, defined by the property that
M (i, j) = 0 if | i − j |> 2 (that is, M is a tri-diagonal matrix), have a series of regularities. Since
M (n − 1, n), M (n, n), and M (n, n + 1) are strictly positive for all n, there exists a unique stationary
distribution, given by the vector π. The stationary distribution satisfies M π = π and is such that
π(n) > 0 for all n ∈ Ω. This implies that the present Markov process is ergodic: regardless of
the initial state, we eventually converge to the same limiting distribution, π. Since the state set Ω
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is irreducible, we have a recursive process, which implies that detailed balance holds (Kelly, 1979,
Theorem 1.3), namely
M (n − 1, n) π(n − 1) = M (n, n − 1) π(n)
(2)
Equation (2) allows us to compute the stationary distribution recursively. Given π(0), we have
π(n) = π(0)
Since

Pω

i=0

n
Y
M (i − 1, i)
M
(i, i − 1)
i=1

π(i) = 1, we finally have
ω Y
n
X
M (i − 1, i)
π(0) = 1 +
M
(i, i − 1)
n=1 i=1

!−1

3. Calibration
I next illustrate and calibrate the model based on specific distributions, functional forms, and parameter values. Suppose that F (a) is an exponential distribution, where I normalize the mean to be
equal to 1. Suppose also that c(s) is given by
c(s) =

γ

1 + exp β (s − α)

(3)

where α, β and γ are parameters; and, consistent with the idea that this is a minority cost, the
domain is s ∈ [0, .5), or, equivalently, for s ≥ .5 we set c(s) = 0. The function c(s) has three
parameters: α, the location of the inverted S shape in terms of share of the profession; β, which
measures the steepness of the decline in utility loss; and γ, which is approximately equal to the
utility loss when worker type share is zero. I assume that 0 < α < 21 , β > 0, and γ > 0. Given the
assumption that ai is exponentially distributed, it can be shown (see Appendix) that



ρ(s) ≡ P ax > ay ∧ ax > c(s) = exp – c(s) − 21 exp – 2 c(s)
(4)
The Markov matrix thus becomes



M (n, n + 1) = s exp – c(1 − s) − 12 exp – 2 c(1 − s)



M (n, n − 1) = (1 − s) exp – c(s) − 12 exp – 2 c(s)
M (n, n) = 1 − M (n, n − 1) − M (n, n + 1)
The above set of functional forms require that I calibrate three parameters: α, β, and γ. Bostwick
and Weinberg (2022) use data of graduate student achievement in Ohio from June 2009–June 2015
to estimate peer effects of male and female doctoral students in various fields. I am particularly
interested in the fields, listed in Table 2, where women are a small minority. The basic regression
ran by Bostwick and Weinberg (2022) takes the form

P Yipt = 1 = β1 × Femalei + β2 × FemalePeersipt + β3 × Femalei × FemalePeersipt + Zipt

where P Yipt = 1 is the probability that student i, who first enrolled in program p in year t,
completes a PhD within 6 years; Femalei is equal to 1 if and only if student i is female; FemalePeersipt
is the fraction of female students in student i’s program; and Z measures other controls as well as the
regression error term. Suppose that the event “completing a PhD within 6 years” is a good indicator
of entering the profession. Then the coefficient β3 provides an estimate of the differential peer effect
that the fraction of female students in the program has on female student (relative) success (and
on their entry into the profession). Making use of the variation in the fraction of female students
4

Table 2
Doctoral program cohort size and female share. Sources: cohort size and average % female from Table
1 in Bostwick and Weinberg (2022); standard deviation: author’s calculations based on data provided
by Bostwick and Weinberg.
Subject title

Average
cohort size

Average
% female

St. Dev.
% female

Computer engineering

24.0

15

10.6

Electrical and electronics engineering

19.9

19

9.8

Mathematics

17.7

19

12.8

Physics

18.5

24

9.2

Figure 1
Stationary distribution of s in calibrated model
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(even within a given discipline), Bostwick and Weinberg (2022) estimate βb3 = .210, with a standard
deviation of .0941.
Based on the data in Bostwick and Weinberg (2022), I identify the value of γ by fitting the
sample average of 19% female participation (the average value in the fields of EE and math, as per
Table 2). I then identify the value of α by forcing
d p(s)
ds

= βb3 = .210

(5)

s = s0

Finally, I select the value of β that reproduces the second moment of s (that is, the standard
deviation of the share of female), also as per Table 2. This yields the values α = .3212, β = 26.4,
and γ = 1.5968.

4. Minority traps
Figure 1 shows the stationary density of the calibrated model presented in the previous section.
Although the density is strictly positive everywhere, in practice it takes very low values for a number
of states. As a result, there are three “regions” of states, each reasonably separated from the other
ones, corresponding to three modes of the stationary distribution. In other words, in the very long
run (meaning, in the limit as t → ∞) it does not matter where the process starts. However, for a
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Figure 2
Probability distribution over states after τ periods starting from state 0 for three values of τ . Note that
the third distribution is very close to the stationary distribution in Figure 1 (though the scale is different)
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Figure 3
Expected time (number of periods) to reach market share s starting from s = 0.
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finite t, it does make a difference what the initial state is. This is true for any ergodic system, but
as I show next it is particularly true for multi-modal stationary distributions like to one in Figure 1
In order to understand how the dynamics of s unfold, and how they depend on initial conditions,
we compute the distribution of s after τ periods. This is given by π τ ≡ M τ 10 , where 1i is a vector
with a 1 in the ith position and zeros elsewhere. Figure 2 plots the distribution for three values of τ ,
one hundred, one thousand, and ten thousand. After 10,000 periods, the distribution (in dotted line)
is very close to the stationary distribution (as can be seen by comparing it to Figure 1). However,
after one thousand periods, the distribution is still fairly concentrated around the left mode of the
stationary distribution. Since I consider a profession of size 100, one thousand periods would allow
for ten complete renewals of the composition of the workforce. In this sense, it is remarkable that
the distribution is still so close to the left portion of the stationary distribution. It’s as if there is a
“minority trap” that keeps the system in an asymmetric state for a very long time.
Another way of understanding path dependance (or, to be more precise, quasi-path-dependance),
is to derive the expected time to reach a certain state n0 starting from a given initial state n. Let
T (n, n0 ) be the estimated time (average number of periods) that it takes to go from state n to state
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n0 . For a BD process, the following relation applies:
T (n, n0 ) = 1 + M (n, n − 1) T (n − 1, n0 ) + M (n, n) T (n, n0 ) + M (n, n + 1) T (n + 1, n0 )
to which we may add the terminal condition T (n0 , n0 ) = 0. Let M τ be the transition matrix M
restricted to to the first τ states (that is, from 0 to τ − 1). Then we have
T τ = 1 + Mτ T τ

(6)

where T τ is a τ -dimensional vector containing T (0, τ ), ..., T (τ −1, τ ) and 1 is a vector of 1’s. Equation
(6) implies
−1
T τ = (I − M τ ) 1
where I the identity matrix. Repeating this operation for all τ ∈ Ω and collecting the first term of the
resulting T τ vector (that is, T (0, τ )), we construct the sequence T (0, 1), T (0, 2), ..., T (0, τ ), ..., T (0, ω)
giving the expected time to reach state τ beginning from state zero. Figure 3 plots this sequence
for τ = 0, ..., 50 and for two different cases: the case when c(s) is given by (3) and, for comparison
purposes, the case when c(s) = 0, so that the resulting stationary distribution is unimodal. If there
is no utility loss from being in a minority, then it takes on average 294 periods to reach state 50
starting from state 0. By contrast, given the calibrated loss function c(s), it takes an average 3396
periods.
In sum, if the cost from being in a minority is sufficiently high — and the empirical evidence is
consistent with that being the case — then, while the distribution of gender shares is symmetric,
starting from an asymmetric state it may take a long time for parity to emerge (even when the
overall mode of the distribution is 50%).
This phenomenon of inertia or hystereses has been documented in a variety of contexts, including
electrical engineering (Carleial and Hellman, 1975) and biophysics (Fologea et al., 2011). Using a
terminology closer to economics, we might refer to it as quasi path dependance, where the “quasi”
stems from the fact that, in the limit as t → ∞, the system’s state is independent of initial conditions,
whereas for finite t, even for a “large” finite t, the system is still dependent on initial conditions.
This property is related to, but different from, quasi-stationarity (see van Doorn and Pollett, 2013,
for a survey). The latter occurs when the Markov process has an almost surely absorbing state (e.g.,
population death) but nevertheless admits a “stationary steady state” that lasts for a long time. In
some sense, the case we consider in this paper is the exact opposite: instead of a non-stationary
system that appears to be stationary, we have a system that is stationary but appears not to be.
Sufficient conditions for multi-modality. Figures 1–3 illustrate the possibility of a minority trap:
although parity between x and y takes place in the long run, the long run may be very long if we
start from x close to zero. These minority traps result from the cost suffered by workers when in
a minority and are associated with a multi-modal stationarity distribution. How general are these
results? Under what conditions do we obtain a multi-modal stationary distribution as in Figure 1?
The following result provides an answer to these questions:
Proposition 1. There exists a c0 > 0 such that, if c(s) > c0 , then the stationary distribution of s is
multi-modal.
In other words, Proposition 1 establishes that, if the cost from being a minority is sufficiently
high, then the stationary distribution of worker types is multi-modal. How high is high? The
calibration with data from women in STEM fields seems consistent with the idea that the stationary
distribution is muilti-modal. That said, there are a number of identification issues to which I will
return in Section 6.
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Figure 4
New hire productivity under different regimes
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5. Affirmative action
A number of policies have been proposed to counteract the problem of under-representation in certain
professions. Here I focus on two types of policy. First, what one might refer to as a quota policy:
As long as the share of type x falls below a certain threshold, candidate x is selected even if their
ability ax is lower than the other candidate’s, ay . Note that this does not necessarily imply that the
open position is filled by x, for it still has to be the case that the job candidate prefers the position
to the outside option, that is, ax > c(s).
A second policy is to subsidize minority candidates. By this I mean that a minority candidate is
given resources that exactly compensate for the utility loss c(s) of being in a minority. And, other
than that, candidates are selected based on ability ai , i ∈ {x, y}.
Figure 4 shows the expected value of productivity of a new hire ai (i ∈ {x, y}) over time according
to each of the above regimes, to which I add a third one corresponding to no intervention.4 As can
be seen, no intervention implies that, on average, a new hire has a productivity of about 1, actually,
slightly higher than 1. Recall that we assume average ability (and productivity) per worker is 1.
The fact that the values in Figure 4 are slightly higher than 1 reflects the the feature that, with
some (low) probability, a type x is a credible and willing contestant for the new job, thus increasing
the expected productivity of the selected candidate.
Consider now the quota policy. Under this system, a minority candidate is selected regardless
of their ability. This lowers expected productivity relative to the “meritocratic” system because,
with some probability, type y workers are ignored, even if their ability is higher. However, it is still
the case that, for a large fraction of x types, utility is lower that the outside option, which implies
that the type y is selected. Not surprisingly, the quota policy leads to lower productivity. What
is perhaps surprising is that it does not lead to an “exit” from the minority trap. Intuitively, what
happens is that any increase in the share of x is compensated by an increases in their retirement
rate and this effect dominates the decrease in cost c(s) that minority candidates benefit from.
Finally, consider the subsidy case. Since x types are compensated exactly for their utility loss
c(s), it follows that x and y types are chosen with equal probability and the stationary distribution
is effectively the uni-modal distribution corresponding to that case. In terms of net productivity
(net of the subsidy given to the worker), there is a big drop during the early states of the process
(when the subsidies are actually paid). However as the state of the system converges “rapidly” to the
middle states (cf Figure 3), productivity jumps to a much higher value (approximately 1.5). This
increase results from two factors. First, as the share of x in the profession increases, the utility loss
4 . I compute expected values by averaging 105 300-period histories.
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c(s) vanishes and so do the subsidies. Second, the expected productivity of the new hire is now the
higher of two independent exponentials with average 1. In fact, it can be shown that the highest of
two independent exponential variables with mean 1 is equal to 1.5, which corresponds to the values
plotted in Figure 4.5
The effect illustrated by Figure 4 is reminiscent of the effect described in Hsieh et al. (2019).
They estimate that 20% to 40% of growth in aggregate market output per person in the US can be
explained by the improved allocation of talent, specifically the increase in minority integration into
professions such as doctors and lawyers since the 1960s.6

6. Conclusion
A report on the status of women in STEM fields states that
Making full use of the nation’s scientific and technical talent, regardless of the sex, social,
and ethnic characteristics of the persons who possess it, will require both understanding
of the causes of inequality and effective remedies (National Academy of Sciences, National
Academy of Engineering, and Institute of Medicine, 2007).
In this paper, I suggest that one possible explanation for high gender asymmetries is the “chickenand-egg” problem created by minority costs. Formally, this amounts to a multi-modal stationary
distribution of a birth-and-death Markov process. Even though all states are communicated, the process remains in a set of asymmetric states for very long. In this context, the right affirmative action
policy may successfully nudge the system towards the central model of the stationary distribution.
To be clear, my analysis is based on the assumption of symmetric preferences and abilities.
One alternative explanation for asymmetry is simply that women have different preferences (even
when systemic barriers to equal access are removed). Moreover, there are numerous issues with the
identification strategy I followed, both in terms of functional forms and and in terms of parameter
values. That said, I have shown that a multi-modal stationary distribution is not a purely theoretical
possibility.
Multi-modality implies a sort of path dependance. In the limite as t → ∞, the process converges to a symmetric stationary distribution with most mass around parity. However, absent any
intervention, it may take a long time for that to happen. Path dependence also begs the question
of why we start from an asymmetric state to begin with. In recent empirical work, Andrews and
Zhao (2022) note that women’s minority stratus is not uniform across all STEM fields. Based on
a difference-in-differences framework, they argue that exposure to home economics college studies,
which included considerable chemistry and biology content, had a lasting effect on women’s interest
in these fields. This evidence of path dependance corroborates the theory of multi-modality, but
obviously much work remains to be done to assess its validity.

5 . See Athey, Avery, and Zemsky (2000) Johnson, Kotz, and Balakrishnan, 1994, Equation (19.11).
6 . “In 1960, 94 percent of doctors and lawyers were white men. By 2010, the fraction was just 62 percent.

Similar changes in other highly-skilled occupations have occurred throughout the U.S. economy during the
last 50 years.” See also Goldin (2006).
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Appendix
Lemma 1. Suppose that ax and ay are independently distributed as exponential with parameter 1.
Then



P ax > ay ∧ ax > c(s) = exp – c(s) − 12 exp – 2 c(s)
Proof of Lemma 1: We prove a slightly more general result. Suppose that x and y are exponentially
distributed with parameters λx and λy ; and that z is a scalar. Then

λx
exp − (λx + λy ) z
λx + λy
Z ∞
Z x
P(x > y ∧ x > z) =
λx exp(−λx x)
λy exp(−λy y) dy dx
z
0
Z ∞
h
ix
=
λx exp(−λx x) − exp(−λy y) dx
0
Zz ∞

=
λx exp(−λx x) 1 − exp(−λy x) dx
Zz ∞ 

=
λx exp(−λx x) − exp − (λx + λy ) x
dx
P(x > y ∧ x > z) = exp(−λx z) −

z

h
i ∞
λx
exp − (λx + λy ) x
λx + λy
z
z

λx
= exp(−λx z) −
exp − λx + λy z
(λx + λy )
i∞
= − exp(−λx x)
+
h

Setting λx = λy = 1 and substituting c(s) for z the result follows.
Proof of Proposition 1: Szpankowski (1989) shows that the modes of the stationary distribution
of s correspond to the zeros of the average drift function d(s), defined as
d(s) = M (n, n + 1) − M (n, n − 1)
where n = s ω. From Table 1, we see that
d(s) = (1 − s) ρ(s) − s (1 − ρ(s))
= ρ(s) − s

(7)

where ρ(s) is given by

ρ(s) ≡ P ax > ay ∧ ax > c(s)
From (7), we see that d(0) = ρ(s) > 0. Moreover, for a strictly positive s0 , ρ(s) → 0 as c(s0 ) → ∞,
which in turn implies that d(s0 ) → −s < 0. It follows that, if c(s0 ) is sufficiently high, then d(s) goes
from being positive at zero to being negative at s0 . Therefore, there exists value of s ∈ (0, s0 ) such
that d(s) ≈ 0, which in turn implies that the stationary distribution has a mode at s.
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